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Accurate Aerodynamic Sensitivity Analysis
Using Adjoint Equations
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Korea Advanced Institute of Science and Technology, Taejon 305-701, Republic of Korea

An accurate aerodynamicsensitivity analysis method for the adjoint approach is described. The present method
uses the continuous adjoint approach to avoid excessive memory requirement, and the diagonalized alternating
direction implicit (DADI) relaxation with multigrid acceleration is used for the fast convergence. A derivation of
the continuous adjoint operator is described for the second-order total variation diminishing (TVD) scheme and
a new antidiffusive � ux for the adjoint equations is proposed to enhance the accuracy of sensitivity. The accuracy
of the present method is demonstrated by solving sensitivity problems for two-dimensional airfoils. Comparisons
with � nite difference results are also presented.

Introduction

T HE aerodynamicsensitivityanalysis is a very important part in
aerodynamic design optimization problems. It takes the large

portion of the total computing time, and its accuracy is crucial to
the design result.1 Several techniqueshave been used for the sensi-
tivity calculation,such as the � nite differencemethod or the adjoint
method. In the � nite difference method the sensitivities are calcu-
lated from the difference of cost function with respect to the per-
turbation of design variables, but it requires more computing time
almost in proportion to the number of design variables.1 , 2

The adjoint sensitivityanalysiscan be an alternativeway to obtain
the sensitivity. This approach can give the sensitivity information
throughsolvingadjointequationsoncewithoutmany � ow� eld anal-
yses.The methodhas been applied to the � uid dynamicsproblemby
Pironneau3 and Jameson4 and applied later to the three-dimensional
wing-design problem by Reuther and Jameson.5 It has been also
applied with the unstructuredgrid system in Refs. 6–9.

The adjoint method can be divided into two categories:one is the
discrete approach,7 , 9 , 10 and the other is the continuousapproach.4 , 6

The discrete approach, which solves large sparse matrices derived
from discrete � ow governingequations,can give very accurate sen-
sitivity, but requires a large amount of memory to store the coef� -
cients of adjoint equations or much computing time to recalculate
the coef� cients.9 On the other hand, the continuousapproachsolves
continuous adjoint equations derived from the differential or in-
tegral form of the � ow� eld governing equations with the proper
discretizationmethod. Thus, we can share the same solution proce-
dure and discretizationmethod between two solvers in the continu-
ous approach. However, the continuous adjoint approach has some
dif� culties in deriving accurate adjoint operators for higher-order
spatial discretization methods, such as MUSCL or total variation
diminishing (TVD), or the complex turbulence models.6, 7, 9

The purpose of this work is to assess the accuracy of the contin-
uous adjoint sensitivity and to develop a new accurate continuous
adjoint formula for Euler equations.The second-orderupwind TVD
scheme11 with Roe’s approximate Riemann solver12 is used for the
Euler equations. Because the sensitivity highly depends on the nu-
merical scheme of the � ow solver, the numerical � ux functions of
the discretized Euler equations are considered in the discretization
of adjoint equations. With this derivation the adjoint formula be-
comes more consistent with the discrete � ow equations, and more
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accurate sensitivity can be obtained. Most numerical schemes for
the Euler equations as well as the one used in this work have some
arti� cial dissipation or upwinding mechanism to stabilize the so-
lution. Because the upwind terms or arti� cial dissipation terms are
functionsof the � ow variables, their variations to the � ow variables
should appear in the adjoint formula.6 The contribution of these
terms can be neglected because they will asymptotically converge
to zero as the grid size approaches zero. However, Anderson and
Venkatakrishnanshowed that the error from neglecting these terms
becomes larger as the grid size increases.6 They proposed a hybrid-
type adjoint formulation6 that includes the linearization effect of
Roe’s Riemann solver12 , 13 to the adjoint formula. In the present
work the errorbecomessigni� cantlylarge in some situations.There-
fore, a new upwind � ux is also adopted with linearization of Roe’s
Riemann solver as proposed by Anderson and Venkatakrishnan.6

The remaining part of sensitivity error mostly comes from the in-
consistent treatmentof higher-orderterms. The treatment of higher-
order terms is highlystuck to the discretizationmethod for the Euler
equations. For some high-order algorithms such as MUSCL, it is
hard to separate the lower-order and the higher-order � uxes explic-
itly. Therefore, dif� culties can be expected in deriving consistent
adjoint formula for higher-orderterms. For the TVD schemes, how-
ever, the lower-order and higher-order � uxes appear explicitly in
the numerical � ux as the � rst-order upwind � ux and the antidiffu-
sive � ux. Thus, the higher-order � ux for the adjoint formula can be
easily derived from the discretizedEuler equations. In this work the
antidiffusive � ux for the adjoint equations will be derived from the
linearization of the Euler equations. The discretization of adjoint
equations is performed to satisfy consistency with the discretized
Euler equations.

To show the accuracy of the current adjoint formula, the aerody-
namic sensitivityanalysisfor a two-dimensionalairfoil is examined.
The accuracyof sensitivityis assessedby comparisonwith the � nite
difference sensitivity.

General Adjoint Formulation
The cost function of aerodynamic design can be written as

I = I (q, d) (1)

where I is the cost function,q is the � ow variablevector, and d is the
design variable vector that represents the surface shape of airfoil or
perturbations on the airfoil. The aerodynamic design optimization
problem is to minimize or maximize the cost function I .

The governingequationsfor physical� ow� eld can be regardedas
constraints for the optimizationproblem because the � ow variables
q must satisfy the equations.The � ow� eld governingequations can
be written as

R = R(q, d) = 0 (2)

where R is the residual of governing equations.
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The variation of the cost function can be expressed with d q and
d d as

d I = [@I T

@q ]
I

d q + [@I T

@d ]
I I

d d (3)

where subscripts I and I I mean partial derivatives with respect to
q and d , respectively. In the preceding formula we can see that the
variationof cost functionconsistsof two parts.The � rst one contains
d q, which can be obtained from the � ow analysis, and the second
one contains d d, which can be obtained from perturbing geometry.

By introducing Lagrangian multiplier w , we can eliminate d q
from Eq. (3) (Ref. 4). The resulting variationof the cost function d I
can be written as follows:

d I = {@I T

@d
+ w T @R

@d }I I

d d (4)

The Lagrangianmultiplier w can be obtainedby solving the follow-
ing adjoint equations:

@RT

@q
w = ¡

@I

@q
(5)

In practice Eq. (5) can be derived from two different ways. It can
be derived from the discretized � ow governing equations or the
continuous � ow governing equations. In this work the continuous
approach together with proper boundary conditions is used for the
derivation. Finally, we can get the sensitivity G as

G =
d I

d d
= {@I T

@d
+ w T @R

@d }I I

(6)

The description of detailed derivations can be found in Jameson.5

With sensitivity G we can � nd optimum values of d that maximize
or minimize the cost function I by using a numerical optimization
method such as the steepest descent or the quasi-Newton method.

Flow Analysis
Governing Equations

The two-dimensional compressible Euler equations can be writ-
ten in the conservation form as

@q
@t

+
@f
@x

+
@g
@y

= 0 (7)

where

q = [q , q u, q v , q E ]T

f =
é
êêêë

q u

q u2 + p

q uv

q uH

ùúúúû
, g =

é
êêêë

q v

q uv

q v2 + p

q v H

ùúúúû
(8)

and q , u, v , p, E , H are the density, velocity components for x and
y directions, pressure, total energy, and total enthalpy, respectively.
For convenience, the physical coordinates system will be trans-
formedto thecomputationalcoordinates( n , g ). In thecomputational
domain the Euler equations yield

@Q
@t

+
@F
@n

+
@G
@ g

= 0 (9)

where

Q =
1

J
q, F =

1

J (@n

@x
f +

@n

@y
g), G =

1

J (@ g

@x
f +

@ g

@y
g)

and J is the transformationJacobian that equals to the reciprocal of
the cell volume.

Discretization
Equation (9) can be discretized with the cell-centered � nite vol-

ume method. Integrated cell-wise in the computationaldomain, the
governing equations yield14

d
dt

(SQ)ij + Rij(Q) = 0 (10)

where

Ri j = Fi + 1
2 , j ¡ Fi ¡ 1

2 , j + Gi, j + 1
2

¡ Gi, j ¡ 1
2

(11)

Here Si j is the cell volume, and F, G are the numerical � uxes at
the cell interfaces. The numerical � uxes of the second-order TVD
scheme can be constructed as follows:

Fi + 1
2 , j = 1

2 [Fi + Fi + 1 ¡ ( j Ã j D Q ¡ L)i + 1
2
] (12)

Gi, j + 1
2

= 1
2[G j + G j + 1 ¡ ( j B̃ j D Q ¡ L) j + 1

2
] (13)

where

A =
@F
@Q

= Tn K n T ¡ 1
n , B =

@G
@Q

= Tg K g T ¡ 1
g (14)

The tilde means the Roe’s average12 value, and L is the antidiffusive
� ux of the second-order upwind TVD scheme.11 The antidiffusive
� ux satis� es TVD conditionsby using limiter functions.To remove
nonphysical solutions, the entropy � x function W is introduced. In
this work Harten’s entropy � x and the minmod or van Leer limiter
are used.11 The entropy function is

W ( k ) =
ì
í
î

j k j , k ¸ d

1

2

k 2 + d 2

d 2
, k < d (15)

and the antidiffusive � ux can be expressed as

`k = L( a k
i + 1

2
, a k

i + 1
2 ¡ r ) (16)

L i + 1
2

= T W ( K ) ,̀ a = T ¡ 1 D Q (17)

where r is the sign of eigenvalue, a is thedifferenceof characteristic
variables, L is the limiter function, and the superscript k indicates
each component of vector variables. Finally, the numerical � ux of
the Euler equations can be written as follows:

Fi + 1
2 , j = 1

2{Fi + Fi + 1 ¡ [T̃n
˜X n ( T̃ ¡ 1

n D Q ¡ )̀]i + 1
2
} (18)

where X = W ( K ). By setting L equal to zero, the resultingnumerical
method will be spatially � rst-order accurate.

The steady-state solution can be obtained by the diagonalized
alternating direction implicit (ADI) algorithm and the multigrid
method with modi� ed saw-tooth cycle.15 , 16 The Riemann invari-
ants are used for the boundary condition at far� eld boundary and
the � ow tangency condition at the body surface.

Adjoint Equations
Continuous Adjoint Equations

The cost function of the aerodynamic design problem can be
expressed with pressures on the body surface p and the shape of
body h, which is a functionof design variable d. Let us assume that
the body surface can be transformed onto the n axis by coordinate
transformation.Then, the cost function I can be written as

I = *
B

h(d)g( p) dl = *
B

h(d)g( p) dn (19)

where g( p) is the lift or drag coef� cient or a blended function of
both. By introducing costate variables, we can get the variation
of cost function d I without variations of pressure d p. The full de-
tails of the derivations can be found in Jameson5 and Reuther.2 In
this paper only the result will be described.The continuous adjoint
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equationsfor the Euler equationsderivedfromEq. (9) can be written
as

C T
1

@ w

@n
+ C T

2

@ w

@ g
= 0 (20)

where

C1 =
@F
@Q

, C2 =
@G
@Q

(21)

and w is called by the costate variables or the Lagrangian multi-
plier. The boundary conditions for the adjoint equations at the body
surface are determined as follows5:

w 2
1
J

@ g

@x
+ w 3

1
J

@ g

@y
= h

dg

dp
(22)

where w 2 and w 3 are the second and third components of costate
variable w , respectively. With the preceding adjoint equations and
the body surface boundary condition the variation of the cost func-
tion yields

d I = *
B

g d h dn ¡ *
D

w T{@

@n [d (1
J

@n

@x )f + d (1
J

@n

@y)g]
+

@

@ g [d (1
J

@ g

@x )f + d (1
J

@ g

@y)g]}dn d g (23)

where D is the computational domain and B is its boundary. The
variations of metric, such as d [(1/ J )(@n / @x)], are referred to as
grid sensitivities that can be found by the � nite difference method.

Discretization of Adjoint Equations
The adjoint equations can be discretizedby any stable numerical

scheme. The most natural way is to use the same numerical scheme
as that of the � ow solver. Although the adjoint equations become a
linear system of equations after the discretization,it is useful to use
a transient algorithm rather than a direct inversion. With use of the
transient algorithm, the memory requirement can be reduced, and
the large matrix inversion problem can be avoided.9 In this work
the same procedure with the � ow solver—the multigrid diagona-
lized alternating direction implicit (DADI) method—is used to get
the steady solution. The body surface boundary conditions for the
adjoint equations are Eq. (22), and w are set to zero at the far � eld.

The spatial discretizationof adjoint equationsrequires some arti-
� cial dissipationbecause of its hyperbolicproperties.4 Any upwind
or central method can be used. However, the numericalmethod that
is the same as the � ow solution method can be the best choice be-
cause many subroutines can be shared in the code as well as the
same shortcomings and good properties with each other. Another
merit, the most important one, of using the same numericalmethod
is that the discretized adjoint equations become much more con-
sistent with the discretized Euler equations. In other words, more
accurate sensitivity can be computed.

The semidiscretized adjoint equations by using � ux-difference
splitting and the second-orderTVD can be written as

d
dt

(S w )i j = R 0
i j (24)

where

R 0
i j = F 0

i + 1
2 , j

¡ F 0
i ¡ 1

2 , j
+ G 0

i, j + 1
2

¡ G 0
i, j ¡ 1

2
(25)

The numerical � uxes for the adjoint equations at the cell faces are
de� ned as

F 0
i + 1

2 , j
= 1

2 {AT w + T̃ ¡ T
n

˜X n ( T̃ T
n D w ¡ 0̀ )}i + 1

2
(26)

G 0
i + 1

2 , j
= 1

2 [BT w + T̃ ¡ T
g

˜X g ( T̃ T
g D w ¡ 0̀ )]i + 1

2
(27)

The precedingnumerical � uxes are rational and can be obtained by
straightforward discretization of the adjoint equations. Poor accu-
racy can result from the lack of consistency with discretized Euler
equations, and so new numerical � uxes with enhanced accuracy are

derived from discretized Euler equations.2 For convenience, only
n direction � uxes are considered, with the antidiffusive terms ne-
glected. The numerical � uxes for g direction can be derived in the
same manner. The variation of the residual of the Euler equations
d Ri can be written as

d Ri = ^
j

ai j d Q j (28)

Now the residual of the adjoint equations R 0 , which can be found
by taking transpose of the coef� cient matrix [ai j ], yields

R 0
i = ^

j

aT
ji w j (29)

The coef� cient matrix [ai j ] can be found from the numerical � ux
of the Euler equations. Because the numerical � uxes have metric
terms, superscripts are used to distinguish these terms. Then, ai j is

ai j =

ìïïïï
í
ïïïïî

A
i + 1

2
j ¡ j Ã j i + 1

2
, j = i + 1

A
i + 1

2
j + j Ã j i + 1

2
¡ A

i ¡ 1
2

j ¡ j Ã j i ¡ 1
2
, j = i

¡ A
i ¡ 1

2
j + j Ã j i ¡ 1

2
, j = i ¡ 1 (30)

where

A
i + 1

2
j = (@ f

@q) j
(1

J
@ n

@x )i + 1
2

+ (@g

@q ) j
(1

J
@n

@y)i + 1
2

(31)

Finally, F 0 can be found as

F 0
i + 1

2 , j
= 1

2[(A
i + 1

2
i )

T

( w i + w i + 1) + ( j ÃT j D w )i + 1
2
] (32)

Equation (32) is � rst-order accurate, but its extension to the second
order is straightforwardby adding the antidiffusive � ux. The accu-
racy of adjoint sensitivitywith Eq. (32) becomespoor as thegridsize
increases.6 Of course, sensitivities of the second-order scheme can
be inaccurate because antidiffusive � uxes are not consistent. The
sensitivity of the � rst-order scheme with the adjoint equation also
differs from the � nite difference result. The inaccuracy of the � rst-
ordersensitivitycan be almost removedby includinglinearizationof
Roe’s Riemann solver6 in the adjoint numerical � ux. The lineariza-
tion of j Ã j is cumbersomebut has been derivedpreviously.6, 13 With
inclusion of these terms, the numerical � ux should be modi� ed as

R 0
i j = F 0 +

i ¡ F 0 ¡
i + G 0 +

j ¡ G 0 ¡
j (33)

F 0 +
i =

1

2{(A
i + 1

2
i )

T

( w i + w i + 1) + [(@ U

@Q i )
T

D w ]
i + 1

2
} (34)

F 0 ¡
i =

1
2{(A

i ¡ 1
2

i )
T

( w i + w i ¡ 1) + [(@ U

@Q i
)

T

D w ]
i ¡ 1

2
} (35)

where

U i + 1
2

= ( j Ã j D Q)i + 1
2

(36)

The preceding � ux will be denoted by new upwind � ux (NUF).
With NUF the accuracy of the � rst-order sensitivity is somewhat
enhanced, but the second-ordersensitivity still has some error from
the inconsistencyof antidiffusive � ux.

New Antidiffusive Flux for Adjoint Equations
To get more accurate sensitivityfor the second-orderscheme, the

antidiffusive � ux should be modi� ed so that it is consistent with
the discretized Euler equations. The exact linearization of antidif-
fusive terms is too complicated. But simple approximation of the
limiter function and linearization of the antidiffusive � ux help us
to construct an antidiffusive � ux for the adjoint equations. At the
steady state the signs of eigenvalues of � ux Jacobian matrices will
be � xed. By taking variation with respect to Q, the variation of the
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antidiffusive � ux for the Euler equations at the cell face k can be
expressed as

d k̀ = ck ¡ 1
k d a k ¡ 1 + ck

k d a k + ck + 1
k d a k + 1 (37)

where cb
a are coef� cients calculatedfrom limiter functions.The sub-

script a means the cell face where the antidiffusive � ux will be ap-
plied, and superscript b implies the cell face of three candidates
where the amount of antidiffusive � ux comes from. For some lim-
iter functions, such as the minmod limiter, cb

a become simply 0 or
constant. For others, such as van Leer limiter, cb

a will not explicitly
appear in Eq. (37), but they can be found after upcoming lineariza-
tion. In this case cb

a become a function of characteristicvariable a .
With the precedingrepresentationEq. (37) can be expressedwith

D, the amount of the antidiffusive� ux in the residual of Euler equa-
tions, and its coef� cients matrix. For simplicity, the face indices at
i ¡ 5/ 2, i ¡ 3/ 2, i ¡ 1/2, i + 1/2, i + 3/ 2, i + 5/ 2 will be repre-
sented as 0, 1, 2, 3, 4, 5, respectively, and T̃ ˜X as E . Then, d Di

are

ìïïïïï
í
ïïïïïî

d Di ¡ 2

d Di ¡ 1

d Di

d Di + 1

d Di + 2

üïïïïï
ý
ïïïïïþ

= H

ìïïï
í
ïïïî

d a 1

d a 2

d a 3

d a 4

üïïï
ý
ïïïþ

(38)

where

H =

é
êêêêêë

h11 h12

h21 h22 h23

h31 h32 h33 h34

h42 h43 h44

h53 h54

ùúúúúúû
h11 = (E0c1

0 ¡ E1c1
1), h12 = ¡ E1c2

1

h21 = (E1c1
1 ¡ E2c1

2), h22 = ( E1c2
1 ¡ E2c2

2)

h23 = ¡ E2c3
2 , h31 = E2c1

2

h32 = (E2c2
2 ¡ E3c2

3), h33 = ( E2c3
2 ¡ E3c3

3)

h34 = ¡ E3c4
3 , h42 = E3c2

3

h43 = (E3c3
3 ¡ E4c3

4), h44 = ( E3c4
3 ¡ E4c4

4)

h53 = E4c3
4 , h54 = ( E4c4

4 ¡ E5c4
5) (39)

Because a i = T̃ ¡ 1
i + 1/ 2(Q i ¡ Q i ¡ 1), d a i requires the linearization of

T̃ , which includes Roe average values. By assuming that T̃ is con-
stant, d a i can be approximated as

d a i = T̃ ¡ 1
i + 1

2
( d Q i ¡ d Q i ¡ 1) (40)

Then, Eq. (38) becomes

ìïïïïï
í
ïïïïïî

d Di ¡ 2

d Di ¡ 1

d Di

d Di + 1

d Di + 2

üïïïïï
ý
ïïïïïþ

= H

ìïïïïï
í
ïïïïïî

T̃ ¡ 1
1 ( d Q i ¡ 1 ¡ d Q i ¡ 2)

T̃ ¡ 1
2 ( d Q i ¡ d Q i ¡ 1)

T̃ ¡ 1
3 ( d Q i + 1 ¡ d Q i )

T̃ ¡ 1
4 ( d Q i + 2 ¡ d Q i + 1)

üïïïïï
ý
ïïïïïþ

(41)

Expanding Eq. (41) for Di yields

{d Di } = H 0 {d Q i } (42)

where

d Di = ¡ E2c
1
2 T̃ ¡ 1

1 d Q i ¡ 2 + E2c
1
2 T̃ ¡ 1

1 d Q i ¡ 1

¡ ( E2c2
2 ¡ E3c2

3 ) T̃ ¡ 1
2 d Q i ¡ 1 + ( E2c2

2 ¡ E3c2
3 )T̃ ¡ 1

2 d Q i

¡ ( E2c3
2 ¡ E3c3

3 ) T̃ ¡ 1
3 d Q i + ( E2c3

2 ¡ E3c3
3 ) T̃ ¡ 1

3 d Q i + 1

+ E3c4
3 T̃ ¡ 1

4 d Q i + 1 ¡ E3c4
3 T̃ ¡ 1

4 d Q i + 2 (43)

Now the adjoint equationsfor the antidiffusive� ux can be found by
simply transposing H 0 as

{D 0
i } = H 0 T {w i } (44)

Then, the contributions of antidiffusive � ux to the residual for the
adjoint equations D 0 can be found as

D 0
i = ( E1 T̃ ¡ 1

2 )
T
c2

1( w i ¡ 1 ¡ w i ¡ 2)

+ [(E2T̃ ¡ 1
2 )

T
c2

2 ¡ ( E2 T̃ ¡ 1
3 )

T
c3

2]( w i ¡ w i ¡ 1)

+ [(E3T̃ ¡ 1
2 )

T
c2

3 ¡ ( E3 T̃ ¡ 1
3 )

T
c3

3]( w i + 1 ¡ w i )

¡ ( E4 T̃ ¡ 1
3 )

T
c3

4( w i + 2 ¡ w i + 1)

= T̃ ¡ T
2 (c2

1
˜X 1 a

0
1 + c2

2
˜X 2 a

0
2 + c2

3
˜X 3 a

0
3)

¡ T̃ ¡ T
3 (c3

2
˜X 2 a 0

2 + c3
3

˜X 3 a 0
3 + c3

4
˜X 4 a 0

4)

The difference of characteristic variables for the adjoint equations
is de� ned as

a 0 = T̃ T D w (45)

Finally, the new antidiffusive(NAD)� ux for theadjointequations
d can be found as

dk = T̃ ¡ T
k [ck

k ¡ 1( ˜X a 0 )k ¡ 1 + ck
k ( ˜X a 0 )k + ck

k + 1( ˜X a 0 )k + 1] (46)

In the preceding formulation the contributions of linearization of
Roe’s Riemann solver are not considered for simplicity.

The cb
a can be found from the linearization of antidiffusive � ux

d . For example, the coef� cient for van Leer limiter functions are
derived from the antidiffusive � ux, which is

Di =
ì
í
î

2a i a i ¡ r

a i + a i ¡ r

, a i a i ¡ r > 0

0, a i a i ¡ r · 0 (47)

Then, the coef� cients are

ck
i =

ìïïïïï
í
ïïïïïî

2 a i ¡ r a i ¡ r

( a i + a i ¡ r )2
, k = i

2a i a i

( a i + a i ¡ r )2
, k = i ¡ r

0, otherwise (48)

for nonzero Di . For the minmod limiter the coef� cients can be 1 or
0, but they are inherently nondifferentiable. In this work cb

a for the
minmod limiter are modi� ed as follows:

ck
i =

ìï
í
ïî

1
2
ci + ck , k = i + r

1
2
ci , k = i

0, otherwise (49)

where r is the sign of eigenvalue.

Results and Discussion
The proposed adjoint equations are applied to a sensitivity anal-

ysis problem for an airfoil. The sensitivities of both the drag and
lift coef� cients are calculated with 20 Hicks–Henne functions.17

The � rst 10 Hicks–Henne functions are applied to the upper sur-
face, and the last 10 functions are applied to the lower surface. The
resulting airfoil can be written as

y(x) = y0(x) + ^ di h i (x) (50)

where y0 is the initial geometry, di are design variables, and h i are
Hicks–Henne functions, which are de� ned as

h1(x) = x0.25(1 ¡ x)e ¡ 20x (51)

hi (x) = sin3( p x ti ), 2 · i · 10 (52)
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Fig. 1 Convergence histories of the � ow solution and the adjoint solu-
tions.

Sensitivity of CD

Sensitivity of CL

Fig. 2 Sensitivities for the RAE 2822 with the � rst-order-accurate scheme.

where x =0 is the leadingedge and x =1 means the trailingedge. In
Eq. (52) ti locates the maximum of the sine bump, and it is de� ned
as

ti = 1
10 (i ¡ 1), 2 · i · 10 (53)

Convergence of Adjoint Solutions
In aerodynamic design optimizations the convergence speed of

the numerical scheme is important because the adjoint equations
and the � ow governing equations should be analyzed many times.

The solutionmethods,used for the adjointequationsin this work,
are classi� ed as four types according to its numerical � ux. The � rst
type is the solution method with Eq. (32) and will be designated as
adjoint in each � gure. The second type uses the NUF as in Eqs. (34)
and (35). The third type is Eq. (32) with the NAD Eq. (46), and the
last type includes both of the NAD and the NUF.

Figure 1 shows the convergence history of the Euler equations
and four types of adjoint solutions.The L2 norm of density residual
is plotted for the � ow solution and that of the � rst Lagrangian mul-
tiplier is used for the history. The geometry is the RAE 2822 airfoil,
and the � ow Mach number is 0.73 at an angle of attack of 2.78 deg.
The grid system has 129 £ 33 points, and O-type topology is used.
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The four-levelmultigrid with modi� ed sawtooth cycle and the mesh
sequencingstrategy16 are used to accelerate the convergencespeed.
All adjoint solutions are converged down to the machine accuracy.
Because the mesh-sequencing effect is degraded in adjoint solu-
tions, the convergencespeeds of adjoint solutionsat the initial stage
are slower than that of the � ow solution. The inclusion of NUF has
an adverse effect on the convergence speed. One interpretation of
this effect can be inconsistency between the implicit operator and
the residual in the DADI algorithm.16 The NAD shows two dif-
ferent effects. With the fourth-type numerical � ux the convergence
becomesabout30%slower thanothers.The computingtimesof � ow
and adjoint solutions are shown in Table 1, where the convergence
tolerance of solutions is 10 ¡ 8 . The calculations are performed on
the Pentium II PC with 400 MHz CPU. Without the NUF the com-
puting time of the adjoint solution is essentially the same as that of
the � ow solution. The NAD does not require any additional com-
puting time, but the NUF requires about 50% additional computing
time. All adjoint solutions are convergeddown to the four orders of
magnitude within 300 multigrid cycles.

Table 1 Computing time and multigrid cycles for the � ow
and adjoint solutions (convergence tolerance is 10¡¡ 8 )

Solution MG cycles CPU, s Seconds per cycle

Flow 250 66.1 0.26
Adjoint 350 77.6 0.22
Adj. + NAD 313 74.8 0.24
Adj. + NUF 381 129.3 0.34
Adj. + NAD + NUF 454 159.0 0.35

Sensitivity of CD

Sensitivity of CL

Fig. 3 Sensitivities for the RAE 2822 with the second-order-accurate scheme.

Accuracy of Adjoint Equations
To assess the accuracy of adjoint sensitivity, comparisons with

the � nite difference sensitivity are presented. To get accurate � -
nite difference sensitivity, all solution proceduresare restarted with
a uniform � ow condition.1 Although this strategy requires much
more computing time, the in� uence of initial solutions can be re-
moved from the � nite differencesensitivities.The � ow solutionsare
converged down to eight orders of magnitude for both � nite differ-
ence and adjoint sensitivity, and the adjoint solutions are converged
down to threeordersofmagnitude,which is suf� cient to get accurate
sensitivity.2 The adjoint sensitivity is computed from Eq. (23), and
the grid sensitivity is obtained from the � nite difference method.

The � rst case is the sensitivitiesof CL and CD for the RAE 2822
in the transonic regime. The � ow condition is that the Mach number
is 0.73 and the angle of attack is 2.78 deg. Under this condition
the strong shock wave appears on the upper surface, so that the
strength and the location of the shock wave are crucial to the CL

and CD . Figure 2 shows the sensitivitiesof CD and CL with the � rst-
order accurate scheme. The � rst 10 design variables are located on
the upper surface from the leading edge to the trailing edge, and
the next 10 variables are on the lower surface. The sensitivity of
CD is relatively accurate even without the NUF, but that of CL is
improved by using the NUF. Figure 3 shows the sensitivity with
the second-order-accurate scheme. The role of the NUF is more
important in the sensitivityof CL than in that of CD . The sensitivity
ofCL is much larger than that of CD becauseCL is highlyaffectedby
the locationof shockon the upper surfaceand it is highlysensitiveto
the shapeperturbation.Also theerror in the sensitivityofCL is larger
than that of CD . Without NUF and NAD the adjoint sensitivitiesare
somewhat smeared. It implies that the NUF and NAD are helpful to
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predict subtlevariationsof the locationand the strengthof the shock
waves. The result shows that the NUF is essential to get accurate
sensitivity and the NAD also is important.

Table 2 shows the computing time of sensitivity methods. The
computing times with four adjoint methods are of the same orders
of magnitude; however, the computing cost with the � nite differ-
ence increases in proportion to the number of design variables as
expected. The adjoint method with NAD requires slightly less com-
puting time than that without NAD because the NAD improves the
convergence.Therefore,one can improve the accuracyof sensitivity
by using the NAD without additional cost.

The second case is the NACA 0012 airfoil with Mach number of
0.8 and the angle of attack of 1.25 deg. Figure 4 shows the sensitiv-
ities of CD and CL for the NACA 0012 airfoil case where the strong
shock appears on the upper surface and the weak shock appears on
the lower surface.14, 16 Opposite to the � rst case, the sensitivitiesare
overestimated without NAD or NUF, but the sensitivity with both

Table 2 Computing time of sensitivity
methods (the convergence tolerance

is 10 ¡¡ 8 for � ow and 10¡ ¡ 3 for
adjoint solutions)

Sensitivity method CPU, s

Finite difference 1304.9
Adjoint 96.3
Adj. + NAD 95.5
Adj. + NUF 114.4
Adj. + NAD + NUF 114.2

Sensitivity of CD

Sensitivity of CL

Fig. 4 Sensitivities for the NACA 0012 with the second-order-accurate scheme.

of NAD and NUF shows good agreement with the � nite difference
result.

Airfoil Drag Minimization Problem
To show the applicability, the present sensitivity analysis is ap-

plied to a two-dimensionalairfoil drag minimizationproblemunder
the transonic � ow conditions.The initial geometry is the RAE 2822
airfoil, and the � ow conditions are the same as the previous test
case (M =0.73, a =2.78). Under these � ow conditions the airfoil
has high wave drag caused by the strong shock wave on the upper
surface. The design problem is to minimize the wave drag while
maintaining the lift coef� cient. The cost functionof design problem
is a penalty function form to keep the lift coef� cient constant. The
cost function can be written as

I = 1
2
(CL ¡ CL0)2 + 10

2
C2

D (54)

where CL0 is the initial lift coef� cient. Five Hicks–Henne functions
are applied to modify the upper surface of the airfoil. The Broyden–

Fletcher–Goldfarb–Shanno (BFGS) method and the polynomial in-
terpolation method are used to � nd the optimum.18

Figure 5 shows the pressure distributions on the airfoil before
and after the design. The strong shock wave on the upper surface
is smeared after design. The designed and the initial airfoils can
be seen in Fig. 6. As the result, the aerodynamic coef� cients of
airfoils are listed in Table 3. The drag coef� cient is reduced by
42%, whereas the lift is maintained above 99% of the initial value.
The design results are essentially the same for all cases; however,
the NAD slightly improves the lift coef� cient of the designedairfoil.
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Table 3 Aerodynamic coef� cients of the RAE 2822
and the designed airfoils

Airfoil Sensitivity method CL CD

RAE 2822 ——— 0.9268 0.0227
Designed Adjoint 0.9237 0.0132

Adj. + NAD 0.9242 0.0132
Adj. + NUF 0.9236 0.0132

Adj. + NAD + NUF 0.9242 0.0132

Fig. 5 Pressure distributions on the RAE 2822 and the designed air-
foils.

Fig. 6 Surface shapes of the RAE 2822 and the designed airfoils.

Conclusion
The purposeof thepresentwork is to assesstheaccuracyof adjoint

sensitivity and to develop an accurate adjoint method. The adjoint
formula for the second-order upwind TVD scheme is developed
from the linearizationof the discreteEuler equations.The lineariza-
tion procedure of the antidiffusive � ux for the Euler equations is
presented. The new antidiffusive � ux for the adjoint equations is
derived from this procedure. The linearization of Roe’s Riemann
solver is also included to the upwind � ux for the adjoint equations.

The sensitivity with the proposed adjoint formula is assessed
by analyzing an airfoil design problem in the transonic regime.

The adjoint sensitivity analysis with a spatially � rst-order-accurate
schemegives accuratesensitivityevenwithout the new upwind � ux.
With the new upwind � ux the sensitivityof CL is slightly improved.
However, the accuracy of the second-order scheme is highly af-
fected by the new upwind � ux and the new antidiffusive� ux. With-
out the new antidiffusive� ux or the new upwind � ux the sensitivity
is smeared or overestimated. The sensitivity can be predicted ac-
curately by applying these � uxes. However, the convergenceof the
new adjoint formula is somewhat degraded,but bounded in twice of
that for the � ow solution. In practice, because the requiredaccuracy
of the adjoint solutionis usually less than one halfof that for the � ow
solution, the total cost of one adjoint solutionprocedurewill be less
or at least the same with one � ow analysis. With the test problem
the present method can be applied in the usual manner without any
problem.
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